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Abstract
We address the problem of including Coulomb distortion effects in inclusive quasielastic (e, e )
reactions using the eikonal approximation. Our results indicate that Coulomb corrections may become large for heavy nuclei for certain kinematical regions. The issues of our model are presented
in detail and the results are compared to calculations of the Ohio group, where Dirac wave functions
were used both for electrons and nucleons. Our results are in good agreement with those obtained by
exact calculations.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Nucleon knockout by electron scattering provides a powerful probe of the dynamics of
nucleons in the nuclear medium. The transparency of the nucleus with respect to the electromagnetic probe makes it possible to study the entire nuclear volume. For light nuclei, the
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weakness of the electromagnetic interaction allows for a separation of the soft Coulomb
distortion of the electron scattering process from the hard scattering event in which, to
a very good approximation, a single virtual photon transfers energy and momentum to
the nuclear constituents. Since the kinematic conditions of electron scattering can be varied easily, different aspects of the reaction mechanism can be tested. Under conditions in
which a single nucleon receives most of the energy and momentum transfer, the quasifree
electron–nucleon scattering process is emphasized.
Nucleon knockout from heavier nuclei is used to measure the single-nucleon spectral
function in complex nuclei. At low excitation energy, exclusive measurements to discrete
states of the residual nucleus provide information on quasiparticle properties, such as binding energies, spectroscopic factors, spreading widths and momentum distributions. The
specific models used to extract the structure information can be tested by comparing parallel with nonparallel kinematics or by varying the ejectile energy. The spatial localization
of specific orbitals also provides some sensitivity to possible density-dependent modifications of the electromagnetic properties of bound nucleons. The azimuthal dependence of
the cross-section and the recoil polarization of the ejectile can provide detailed tests of the
reaction mechanism, which may be useful in delineating the role of two-body currents or in
testing off-shell models of the current operator. Measurements at larger missing energy can
provide information on the deep-hole spectral function or on multinucleon currents. Measurements at large missing momentum are sensitive to short-range and tensor correlations
between nucleon pairs.
For heavier nuclei Coulomb corrections (CC) may become very large and affect the
measured cross-sections; this needs to be accounted for, if one aims at a quantitative interpretation of data. Here, we concentrate on the inclusive quasielastic scattering process
(e, e ), where only the scattered electron is observed. We will model this process as a
knockout reaction where the nucleons are hit by the virtual photon emitted by the scattered
electron.
Inclusive scattering provides information on a number of interesting nuclear properties:
– The width of the quasielastic peak allows a dynamical measurement of the nuclear
Fermi momentum [1].
– The tail of the quasielastic peak at low energy loss and large momentum transfer gives
information on high-momentum components in nuclear wave functions [2].
– The integral strength of quasielastic scattering, when compared to sum rules, tells us
about the reaction mechanism and eventual modifications of nucleon form factors in
the nuclear medium [3].
– The scaling properties of the quasielastic response allows to study the reaction mechanism [4].
– Extrapolation of the quasielastic response to A = ∞ provides us with a very valuable
observable for infinite nuclear matter [5].
For heavier nuclei, these questions obviously can only be addressed once the Coulomb
distortion of the electron waves is properly dealt with.
In this paper, we present an approximate treatment of electron CC for inclusive quasielastic (e, e ) reactions modeled as a nucleon knockout process. In the plane-wave Born
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approximation (PWBA), the electrons are described as plane Dirac waves, which is a poor
approximation for heavy nuclei with strong Coulomb fields. In a better approach, called
eikonal distorted wave Born approximation (eDWBA), we use electron waves which are
distorted by an additional phase and a change in the amplitude. This phase shift and the
modification of the amplitude account for the enhanced momentum and a focusing effect
which occurs when the electron approaches the strongly attractive nucleus.
Calculations with exact Dirac wave functions have been performed by Kim et al. [6] in
the Ohio group and Udias et al. [7,8]; the present eikonal approximation has the advantage that it is relatively simple to implement and that it avoids large computational costs.
The eikonal method and its higher approximations, which can be obtained from an iterative procedure, is expected to lead to an asymptotic, rather than a convergent expansion
[9]. Therefore, its use for the calculation of exclusive cross-sections may be problematic
according to Giusti and Pacati [10,11], but the good agreement for the inclusive crosssection with the exact calculations by Kim et al. seems to justify the method in this case.
Additionally, the eikonal approximation used in [10,11] is not equivalent to the approach
used in this paper, since we do not calculate the electron wave phase shift from an expansion around the center of the nucleus. For exclusive cross-sections, not only exact wave
functions for the electrons are needed, but also an accurate description of the proton or
neutron wave functions. In the inclusive case the fine details of the nuclear structure and
final state interaction are not important, and the description of the unobserved knocked-out
hadron can be rather cursory.
Various approximate treatments have been proposed in the past for the treatment of CC
[10,12–19], and there is an extensive literature on the eikonal approximation [20–24]. In
particular it has been shown that at lowest order, an expansion of the electron wave function
in αZ leads to the well known effective momentum approximation (EMA) [9], which is
explained in Section 2.1. The EMA has been used to correct Coulomb distortions for elastic
electron scattering data or inelastic data to low lying states, although exact descriptions
are readily available. For quasielastic (e, e ) scattering a comparison of EMA calculations
with numerical results from the ‘exact’ DWBA calculation [25,26] indicates a failure of
the EMA [27].
We point out that the model of the nuclear structure used in this paper is relatively simple, since our focus is mainly on the electronic part of the problem, i.e., the influence of the
Coulomb field on the electron wave function. Still, our simple model leads to satisfactory
values for inclusive cross-sections which are sufficient for our purpose. We also find that
the EMA fails to account for CC for quasielastic (e, e ). This observation is discussed in
detail in Section 3.

2. Models and approximations
2.1. Effective momentum approximation
The accurate description of the electrostatic potential of the nucleus is an important
ingredient for the calculation of CC. In a simplified classical picture, the electron hits
mostly the outer region of the nucleus. This implies that for heavy nuclei like lead with
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a radius of approximately 6 fm, the kinetic electron energy is increased in this region by
about 20 MeV, which is a non-negligible modification when the electron energy lies in
the range of a few hundreds of MeV. In the most naive picture, the effective momentum
approximation, one typically assumes that the nucleus is a homogeneously charged sphere
with equivalent radius Re . For highly relativistic particles in a potential V with asymptotic
 one may neglect the mass of the particle (|E − V |, |k|
  m), such that the
momentum k,
energy–momentum relation reduces to (h̄ = c = 1)
(E − V )2 = k2 + m2 → E − V = k,


k = |k|.

(1)

Then the momentum shift k of a highly relativistic electron in the region where it interacts
with the nucleus follows from the potential energy of the electron inside the nucleus (C = 1
at the surface or C = 3/2 in the center)
k = C

αZ
,
Re

C = 1, . . . , 3/2,

eff
ki,f
= ki,f + k.

(2)

The standard EMA uses effective momenta corresponding to the central value of the
Coulomb potential (C = 3/2). The EMA cross-section of the considered process is then
calculated by using the plane wave approach, but with the electron momenta replaced by
their corresponding effective values. In this way one accounts for the fact that the electron
wave length is reduced in the relevant nuclear region. But due to the attractive Coulomb
potential, the modulus of the initial (final) electron wave is also enhanced by a factor of
∼ Fi (Ff ) inside the nuclear volume. The cross-section is therefore multiplied additionally
by a factor Fi2 = (kieff /k)2 which accounts for the focusing of the incoming electron wave
in the nuclear center. The cross-section is not multiplied by Ff2 = (kfeff /k)2 , because this
factor is already contained in the artificially enhanced phase space factor of the outgoing
electron.
In order to be more explicit, we mention that in the plane wave Born approximation, the
cross-section for inclusive quasielastic electron scattering can be written by the help of the
total response function Stotal as


d 2 σPWBA
q |, ω, Θe ,
= σMott × Stotal |
dΩf df

(3)

where the Mott cross-section is given by
σMott = 4α 2 cos2 (Θe /2)f2 /qµ4 .

(4)

Here, α is the fine-structure constant, Θe is the electron scattering angle, q = ki − kf is
the momentum transfer given by the initial and final electron momentum, ω = i − f is
the energy transfer given by the initial and final electron energy, and the four-momentum
transfer squared is given by qµ2 = ω2 − q 2 .
The Mott cross-section remains unchanged when it gets multiplied by the EMA focusing factors and the momentum transfer qµ4 is replaced by its corresponding effective value,
4
= 1/qµ4 . Therefore, the EMA cross-section can also be obtained from
i.e., Fi2 Ff2 /qµ,eff
(3) by leaving the Mott cross-section unchanged and by replacing Stotal (|
q |, ω, Θe ) by the
effective value Stotal (|kieff − kfeff |, ω, Θe ).
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2.2. Eikonal approximation
We can take the local change in the momentum of the incoming particle with momentum
ki = ki k̂i into account approximately by modifying the plane wave describing the initial
state of the particle by the eikonal phase χ1 (r )




ei ki r → ei ki r+iχ1 (r ) ,

(5)

where
0

z

χ1 (r ) = −

V (r + k̂i s) ds = −

−∞

V (x, y, z ) dz

(6)

−∞

if we set ki = kzi êz . As desired, the z-component of the momentum then becomes

 i
i
pz = −i∂z eikz z+iχ1 = kzi − V eikz z+iχ1 .

(7)

The final state wave function is constructed analogously


ei kf r−iχ2 (r ) ,

(8)

where
∞
χ2 (r ) = −

V (r + k̂f s  ) ds  .

(9)

0

For the sake of simplicity, we consider spinless electrons in Sections 2.1–2.4. In our actual
calculations spin is included. The spatial part of the free electron current (which interacts
via photon exchange with the particles inside the nucleus)
 
 −i k r  i k r 
 
f

 i ki r − ∇e
e i = e(ki + kf )ei(ki −kf )r
jPW = −ie e−i kf r ∇e
(10)
is replaced by
 
 −i k r+iχ (r )  i k r+iχ (r ) 
f
2
1
 i ki r+iχ1 (r ) − ∇e

jEIK = −ie e−i kf r+iχ2 (r ) ∇e
e i
 1 − ∇χ
 2 )ei(ki −kf )r +i(χ1 +χ2 ) ,
= e(ki + kf + ∇χ

(11)

where e is the charge of the electron. The spatial part of the electron current now contains
the additional eikonal phase, and the prefactor contains gradient terms of the eikonal phase
which represent essentially the change of the electron momentum due to the attraction of
the electron by the nucleus.
So far we have only considered the modification of the phase of the wave function, and
for many applications this is a sufficient approximation. It has been applied to elastic high
energy scattering of Dirac particles in an early paper by Baker [28]. However, the method
leads, e.g., for quasielastic scattering of electrons on lead with initial energy i = 300 MeV
and energy transfer ω = 100 MeV, to errors up to 50% in the cross-sections. The reason is
that also the amplitude of the incoming and outgoing particle wave functions is changed
due to the Coulomb attraction, as mentioned above. This fact can be related to the classical
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observation that an ensemble of negatively charged test particles approaching a nucleus is
focused due to its attractive potential. Below, we give a simple classical treatment of this
fact which illustrates the basic properties of the phenomenon. A semiclassical discussion
of the focusing factor can also be found in [9].
2.2.1. The focusing factor
The focusing factor can be derived approximately from a classical toy model according to Fig. 1. We consider the trajectories of an ensemble of highly relativistic particles
approaching the nucleus in the center of the coordinate system in z-direction with an impact parameter between b0 and b0 + db0 . The longitudinal velocity of the particles can
be taken as the speed of light, since the particles are highly relativistic and the change of
the velocity in transverse direction causes onlya second order effect to the longitudinal
component. Therefore we have z(t) = t, r(t) = b02 + t 2 , keeping in mind that the impact
parameter can be considered as constant at this stage of our approximation. The density of
the particles at z is increased by a focusing factor f which is given by the ratio of the area
of two annuli with radii b0 , b0 + db0 and b(b0 , z), b(b0 + db0 , z):
f (b0 , z)−1 =

∂b(b0, z) b(b0, z)
.
∂b0
b0

(12)

We will calculate now b(b0 , z) for the screened potential
αZ
Vs (r) = − √
,
2
r + R2

(13)

since in this case a simple study of the problem and its most important properties is possible.
The force FT acting on the particle in transverse direction is given by
FT = −

αZb0
b ∂V (r)
∼− 2
,
r ∂r
(r + R 2 )3/2

Fig. 1. Electrons incident on an nucleus with impact parameter b0 .

(14)
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whereas the “transverse mass” is given by the energy E (c = 1). Therefore we obtain for
the transverse acceleration
b0
αZ
,
(15)
v̇T = −
E (t 2 + b02 + R 2 )3/2
and


√
2
2
2
αZ b0 t + t + b0 + R
αZ b0 t + r 2 + R 2

vT (t) = −
=−
.
E b02 + R 2
E b02 + R 2 r 2 + R 2
t 2 + b2 + R2

(16)

0

From vT (t → ∞) =

b0
− 2αZ
E b2 +R 2
0

we obtain for a pure Coulomb field (R

known transverse momentum transfer
2αZ
kT =
.
b0
Furthermore, we obtain from (16)
√
αZ b0 (z + r 2 + R 2 )
b(z) = b0 −
,
E
b02 + R 2
The focusing factor is then given by (β = αZ/E)
√
√



z + r 2 + R2
z + r 2 + R2
−1
f = 1−
β 1−
b02 + R 2
b02 + R 2
√
 
2b02(z + r 2 + R 2 )
b02
−
+
β .
√
(b02 + R 2 )2
(b02 + R 2 ) r 2 + R 2

b0 ) the well-

(17)

(18)

(19)

Since our calculation is not exact, we keep only the relevant first order in β in (19). For the
focusing factor in the center of the nucleus follows




V (0) 2
β −2
∼ 1−
∼ (ki /ki )2 ,
(20)
f (0) = 1 −
R
E
i.e., one obtains the focusing factor used in the effective momentum approximation, where
the increased density near the nucleus is taken into account by multiplying the wave function by a suitable factor ∼ f 1/2 . In (20), ki = E/c denotes the asymptotic momentum of
the highly relativistic incident particles, whereas ki is the momentum of a particle with impact parameter b0 = 0 in the center of the nucleus, which is given by ki = ki + αZ/(Rc).
c is the speed of light. The amplitude of the wave function is then correctly normalized in
the region of the nucleus, where the nucleon knockout process is taking place. The discussion given above is only classical, but it is sufficient to show the most important features
of the focusing effect. E.g., from (19) is it obvious that the amplitude of the wave function
continues to increase on the rear side of the nucleus due to the deflection of the incoming
particle wave.
Knoll [14] derived the focusing effect from a high energy partial wave expansion, following previous results given by Lenz and Rosenfelder [13,18]. For the incoming particle
wave expanded around the center of the nucleus he obtained:

266

A. Aste et al. / Nuclear Physics A 743 (2004) 259–282


χk+ = eiδ+ (k  /k)ei k r



× 1 + a1 r 2 − 2a2 k r + ia1 r 2 k r + ia2 (k × r )2 + σ (k × r ) uk ,

(21)

 and where σ acts on the spinor uk to describe spin dependent
where k is parallel to k,
effects, which are very small in our cases of interest. An analogous equation holds for the
distortion of the outgoing wave. The parameters a1,2 depend on the shape of the potential.
For a homogeneously charged sphere with radius Rs they are given by
a1 = −

αZ
,
6k  Rs3

a2 = −

3αZ
.
4k 2 Rs2

(22)

The increase of the amplitude of the wave while passing through the nucleus is given
by the −2a2 k r-term. Taking our classical result for a screened potential leads to a2 ∼
αZ/k 2 R 2 , a result which cannot be compared directly to (22) due to the different shape
of the potentials. Due to the fact that the amplitude of the wave function is smaller in
the upstream side of the nucleus but larger by a similar amount on the downstream side,
the influence of the −2a2 k r-term on the cross-section in general is not very large. Minor
effects can be observed for large scattering angles. Also the spin related term is of minor
importance for highly relativistic electron energies.
The a1 r 2 -term accounts for the decrease of the focusing also in transverse direction.
For the cases of interest in this paper, it leads to 1–2 percent effects in the cross-sections.
Imaginary terms like ia2(k × r )2 describe the deformation of the wave front near the
center of the nucleus. They could be obtained correspondingly by an expansion of the
eikonal phase in that region, and δ+ is the eikonal phase in the center of the nucleus.
In the present work, the eikonal phase is obtained directly from an analytic expression
as described in Section 2.2, whereas the focusing is calculated using Knoll’s results given
above for a homogeneously charged sphere.
2.3. Electrostatic potential of the nucleus
For our present eikonal calculations, we use a potential energy of the electron of the
form
(αZ)−1 V (r) = −

r 2 + 32 R 2
24 R 2 R  r 4
−
,
(r 2 + R 2 )3/2 25π (r 2 + R 2 )4

(23)

which goes over into a Coulomb potential for r → ∞, and which is a good approximation
for the potential generated by the Woods–Saxon-like charge distribution of a nucleus (see
Fig. 2). R  can be used as an additional fit parameter. A good choice is R  = 0.5174Re .
Furthermore, expression (23) has the advantage that it is possible to derive an analytic
expression for the eikonal phase, which is convenient when the eikonal phase has to be
calculated numerically in a computer program.
The eikonal phase turns out to be divergent for a Coulomb-like potential, but it is possible to regularize the eikonal phase by subtracting a screening potential ∼ (r 2 + a 2 )−1/2
with a  R from (23), such that the potential falls off like r −2 for large r. The divergence
can then be absorbed in a constant divergent phase ∼ log(a) without physical significance,

A. Aste et al. / Nuclear Physics A 743 (2004) 259–282

267

Fig. 2. Comparison of different model potentials: potential V used in our calculations, potential V s generated
by a homogeneously charged sphere with radius Re and potential generated by a corresponding Woods–Saxon
charge distribution.

when the limit a → ∞ is taken. It is quite instructive to calculate the eikonal phase for the
simple screened potential [29]
αZ
,
V1 (r) = − √
2
r + R2

αZ
αZ
V1a (r) = − √
+√
.
2
2
r +R
r 2 + a2

(24)

One obtains for a particle incident parallel to the z-axis for impact parameter b (r 2 =
b2 + z2 )
√


z
1
(z + r 2 + R 2 )(b2 + a 2 )
1
a

χ1 = αZ
= αZ log
,
dz √
−√
√
r 2 + R 2
r 2 + a 2
(z + r 2 + a 2 )(b2 + R 2 )
−∞

(25)
where r 2 = b2 + z2 , and therefore for the regularized eikonal phase
√


 a

z + r 2 + R2
χ1 = lim χ1 − αZ log(a) = αZ log
.
a→∞
b2 + R2

(26)

which is defined up to a constant phase. Taking the gradient of χ1 in transverse direction
√
∂χ1
αZb z + r 2 + R 2
=− 2
,
(27)
∂b
b + R2
r 2 + R2
gives for the transverse momentum transfer the same result as the classical expression (16).
This illustrates the fact that the eikonal approximation also accounts for the transverse
modification of the particle momentum. The charge density

1 
(28)
ρ(r) = − ∂r2 rV (r)
er
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corresponding to the potential given by Eq. (23) satisfies
ρ = eZ,
(29)
3
(30)
r 2 ρ = R 2 eZ,
5
i.e., we can indeed identify R 2 with the equivalent radius of a homogeneously charged
sphere Re2 which is given approximately by
Re = 1.128A1/3 fm + 2.24A−1/3 fm

(31)

for nuclei with A > 20. Re can be related to the rms radius Rm by
3
2
Rm
= Re2 .
(32)
5
For a simple potential ∼ (r 2 + R 2 )−1/2 , the rms radius does not exist, since the corresponding charge distribution does not fall off fast enough.
The expressions necessary for the calculation of the eikonal phase for the potential (23)
are given in Appendix A.
2.4. Scattering cross-section
For the sake of notational simplicity and in order to give a transparent introduction
to the method used for the calculation of the CC, we will neglect the dependence of the
interactions on the spin and internal structure of the particles. Therefore, the particle wave
functions are replaced by scalar fields in the following discussion. We call the positively
charged particle the ‘proton’, whereas the negatively charged particle is the ‘electron’. The
simplified scalar expression for the electron current can then be replaced by the correct
Dirac current (43) in a straightforward way. The nucleon current which we used for our
calculations is discussed below.
The lowest order transfer current of an electron with initial/final state wave function
i,f
i,f
φe and a scalar (point-like) proton with initial/final state wave function φp is given by
 f†
f †
(33)
jeµ = +ie φe ∂ µ φei − φei ∂ µ φe ,

 f† µ i
µ
i µ f†
(34)
jp = −ie φp ∂ φp − φp ∂ φp .
µ

For the scattering cross-section of an electron with initial and final momentum ki =
µ
µ
µ
(i , ki ), kf = (f , kf ) off a proton with momenta pi = (Ei , pi ), pf = (Ef , pf ) we obtain in Born approximation the second order contribution in the coupling constant e to the
differential cross-section (e2 = 4πα):


d 3 pf
d 3 kf
1
dσ =
(2π)4 δ (4) (ki + pi − kf − pf )|M|2,
p
4i Ei |vie − vi | 2f (2π)3 2Ef (2π)3
(35)
where the matrix element M is given by the product of the currents and the photon propagator
(ki + kf )µ (pi + pf )µ
M = e2
.
(36)
(ki − kf )2
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The corresponding expression for the physical situation where electrons and nucleons are
treated as particles with spin can be found, e.g., in [8].
Since we consider proton knockout by highly relativistic electrons from a nucleus at
p
rest, the velocity in the flux term |vie − vi | will be set to the speed of light.
If the initial proton is in a bound state with wave function

i
−3/2
φp (r , t) = (2π)
q )ei(qr−Ei t ) ,
(37)
d 3 q ψ̂(
µ

the transition probability is replaced by (pi = (Ei , q ))
(2π)4 δ (4) (ki + pi − kf − pf )|M|2
→ 2πδ(i + Ei − f − Ef )


(ki + kf )µ (pi + pf )µ


× e2 d 3 q d 3 r
ψ̂(
q )ei(ki +q −kf −pf )r
(Ei − Ef )2 − (
q − pf )2

2

→ (2π)4 δ(i + Ei − f − Ef )
× e2

2
(ki + kf )µ (2pf + kf − ki )µ
f + pf − ki ) .
ψ̂(
k
(ki − kf )2

(38)

In the distorted wave Born approximation, the presence of the Coulomb field is taken
into account by using exact wave functions of the particles in the Coulomb field. In the
eDWBA, these wave functions are replaced by their eikonal approximation. Therefore, the
electron current is modified by the eikonal phase and due to the focusing of the electron
wave. For electrons with potential energy V (r) in the central Coulomb field of the nucleus
we must replace


(ki + kf )µ (pi + pf )µ


3
d q d 3r
(39)
ψ̂(
q )ei(ki +q −kf −pf )r
2
2
(Ei − Ef ) − (
q − pf ) )
by



3

d q

d 3r

(k̃i + k̃f )µ (pi + pf )µ


ψ̂(
q )f (r )ei(ki +q −kf −pf )r +iχ(r ) ,
2
2
(Ei − Ef ) − (
q − pf ) )

(40)

where


µ
 1 ,
k̃i = i − V (r), ki + ∇χ


µ
 2
k̃ = f − V (r), kf − ∇χ
f

(41)
(42)

correspond to the modified electron current in the eikonal approximation, and f (r ) denotes
the focusing factor resulting from the incoming and outgoing particle wave function. The
gradient and potential terms in the electron current are an artefact of our treatment of
electrons as scalar particles. They appear in a similar fashion in the Gordon form of the
electron current. The standard Dirac form of the current
j µ = eΨ̄ γ µ Ψ,

(43)
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can be split into a convective current and a spin current after some algebra by making use
of the Dirac equation. One obtains






ie
e
2ie
∂µ Ψ̄ σ µν Ψ .
(44)
jµ =
Ψ̄ ∂ µ Ψ − ∂ µ Ψ̄ Ψ +
Ψ̄ Ψ Aµ +
2m
m
2m
The convective and the spin current are separately conserved and gauge invariant. But
it is not advisable to use the Gordon form (44) in conjunction with the inexact eikonal
approximation of the electron wave function, because the electron current is then described
less accurately than by the standard expression (43).
It is now no longer possible to evaluate the coordinate space integral in a trivial way. As
a first approximation we assume that the initial momentum (“missing momentum”) of the
bound proton is given approximately by the external momenta, i.e.,
q,
q = kf + pf − ki − 


q ∼ 0.

Then we can expand

−1
(i − f )2 − (
q − pf )2

−1
= (i − f )2 − (ki − kf )2 − 2(ki − kf )
q − 
q2


2(ki − kf )
q + 
q 2 4[(ki − kf )
q ]2
1
=− 2 1−
+
+
·
·
·
,
Q
Q2
Q4

(45)

(46)

where Q2 = (ki − kf )2 − (i − f )2 . The zeroth order contribution to (40) is then given
by the term

(2π)3/2
 
(47)
−
d 3 r (k̃i + k̃f )µ (pi + pf )µ ψ(r )f (r )ei(ki −kf −pf )r +iχ(r ) .
2
Q
The 
q -terms stemming from the expansion above and from the expression for the proton
current act then as a gradients on the eikonal phase in real space according to




d 3 q d 3 r 
q ψ̂(
q )ei(ki +q −kf −pf )r +iχ(r )

 
3/2
 iχ(r ) ,
= −(2π) i d 3 r ψ(r )ei(ki −kf −pf )r ∇e
(48)
such that we obtain from (46) an expansion of the integral (40) which contains higher
derivatives of the eikonal phase. For the actual calculations, it proved sufficient to include
all terms containing first and second order derivatives. This way, the matrix element (40)
can be reduced to three-dimensional integrals which are numerically tractable. This is due
to the fact that the integrals extend only over a finite volume around the nucleus. For the
case presented in Fig. 4, second order derivative terms contribute about one percent to the
total cross-section.
2.5. Nucleon–nucleus interaction
As a first step, we adopted also an eikonal approximation for the nucleon wave function,
in order to improve the poor approximation of describing the outgoing nucleon by a plane
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wave. The corresponding treatment can be carried out along the same lines as discussed
above. In order to be as realistic as possible, we use an energy-dependent volume-central
part of an optical model potential as given in a recent work [30]. The potential is given as
the sum of a Woods–Saxon potential and the Coulomb potential of the nucleus for protons.
The depth of the Woods–Saxon part of the potential depends on the energy E of the proton
(in MeV) by


(49)
VWS (E) = v1 1 − v2 (E − Ef ) + v3 (E − Ef )2 − v4 (E − Ef )3 ,
where
v1 = 67.2,
v4 = 7 × 10−9,

v2 = 7.9 × 10−3 ,

v3 = 2.0 × 10−5 ,

Ef = −5.9.

(50)

For neutrons we have
v1 = 50.6,
v4 = 7 × 10−9,

v2 = 6.9 × 10−3 ,
Ef = −5.65.

v3 = 1.5 × 10−5 ,
(51)

It has been noted in [31] that when comparing the equivalent central potentials generated
by the sum of the scalar and vector part of relativistic potentials, the real part of the optical
potential is 10 MeV deeper for 40 Ca. A comparison of a standard nonrelativistic central
potential and a corresponding potential obtained from a Dirac equation based procedure
given in [7] shows good agreement for 208 Pb (the difference is of the order of only 2
MeV), as well as a good agreement with the optical model potential given above.
The imaginary part of the optical potential was not taken into account in our calculations. The imaginary part is intended to describe the loss of flux in proton (neutron) elastic
scattering. In inclusive processes, only the electrons are observed, and one does not need
to take into account whether or not the ejected nucleons got “lost”, i.e., initiated some
subsequent nuclear reaction.
The same wave functions for the outgoing nucleon are used for the PWBA and eDWBA calculation, since we are only interested in the electronic part of CC. The eikonal
approximation, when also used for the calculation of the wave function of the outgoing
nucleons, leads to a considerable additional calculational effort. We found that an effective
momentum approximation for the nucleons calculated from the energy-dependent optical
model potential leads to equally good results, and reduces the calculational effort considerably. It is obvious that the plane waves used as final states are not orthogonal to the
initial bound states, but the results obtained for the cross-sections are still quite satisfactory for our purposes despite of the fact that we use a single particle and a plane wave
approximation. We studied also the inclusion of a focusing factor for the proton wave
function in order to improve upon the plane wave approximation. Although such a procedure might be used to improve the theoretical cross-sections artificially, it is only an
ad hoc procedure and was therefore not used for the calculations presented in this paper.
In a first attempt to calculate CC for a heavy nucleus like 208Pb, we used the harmonic
oscillator shell model wave functions for the bound nucleons. These wave functions are
easily accessible for numerical calculations due to their simple analytic form. Harmonic
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oscillator wave functions are satisfactory approximations for nucleon wave functions especially when they are scaled according to the root mean square (rms) radius of the individual
shells; due to the requirement of orthogonality of initial states, the same scaling must be
applied to all wave functions. The contribution of partially filled upper shells to the inclusive proton knockout cross-section was taken into account by a weighting factor for the
total shell contribution according to the number of occupied states.
As an alternative we also used wave functions generated from a Woods–Saxon potential
for the protons. The Woods–Saxon potential, which included an LS coupling term, was
optimized in such a way that the experimental binding energies of the upper proton shells
and the rms of the nuclear charge distribution were reproduced correctly. A comparison of
calculated results showed that the ratio σPWBA /σCC for a kinematic situation as presented
in Fig. 4 differs only by about one percent for the two models. A comparison of the charge
distribution in a Pb nucleus resulting from the two models is shown in Fig. 3. The harmonic oscillator model overestimates the charge density in the center of the nucleus, but
the impact of this mismatch is reduced due to the small volume of the central region. The
rms radius of the neutron density distribution was taken from a recent study presented in
[32]. The binding energies, which also enter in the calculation of the wave functions of the
outgoing protons and in the phase space factors, were taken from [33].
The current of a spinless proton could be modeled by the widely used electric Sachs
form factor GE [34]:
  
−2
GE Q2 = 1 + Q2 /(843 MeV)2 ,

(52)

which can be expanded by the same method as the photon propagator (46). It is expected
that (52) also provides a good description of the form factor of a proton inside a nucleus
[3]. For the energy range considered in this paper, the contribution from magnetic scattering

Fig. 3. Charge density of the Pb nucleus derived from the harmonic oscillator model and a Woods–Saxon potential
fit.
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must not be neglected. For the calculations, we used the free nucleon current given in [6]
and introduced by de Forest [35]
jnµ = eΨ̄n,f Jˆnµ Ψn,i ,

(53)

where
iκ µν
Jˆnµ (cc2) = F1 γ µ +
σ qν F2 ,
2mn

(54)

and qν = pν − pν denotes here the difference between the proton four-momenta of the
initial and final state, κ the anomalous magnetic moments of the corresponding nucleon.
In configuration space, the three-momenta have to be considered as gradient operators. F1,2
are the nucleon form factors related in the usual way to the electric and magnetic Sachs
form factors.
The relativistic form of the wave function for the bound protons and neutrons was
constructed from the nonrelativistic wave function. Whereas the large component of the
corresponding correctly normalized Dirac spinor was obtained directly from the nonrelativistic wave function, the small component was derived from the large component in a
straightforward way by treating the nucleon wave function as a free Dirac plane wave.
The momenta of the nucleons which were used in the current can be calculated from energy and momentum conservation. But in order to improve our model for the current, we
adopted additionally an effective momentum approximation for the nucleons, where the
influence of the energy-dependent optical potential on the ejected nucleons was taken into
account. We found that different choices for the nucleon current do not affect significantly
the ratio of the PWBA and eDWBA calculations. This is not the case for the cross-section
themselves. An alternative choice to the cc2 current is the cc1 current given by the operator [35]
(p µ + pµ )
Jˆnµ (cc1) = (F1 + κF2 )γ µ −
κF2 ,
2mN

(55)

which was also used in order to check how the ratio of the cross-sections behaves for different models of the nuclear current. None of the expressions for the current (cc1, cc2) is
fully satisfactory and both expressions fail to fulfill current conservation, but given the fact
that we focus mainly on the electronic part of the problem, the simple choices given above
provide a satisfactory description of the proton current. For the cc2 choice, integration
by parts allows one in a simple way to get rid of the momentum operators acting on the
nucleon wave functions.
Some critical remarks which highlight the approximations made within our single particle model are in order. Due to the fact that we are working in real space, we scaled
the nucleon wave functions according to the experimental rms radius of the nucleus. This
does not automatically imply that the momentum distribution of the nucleons is described
very accurately. The difference between the theoretical Fermi momentum obtained in our
model and the experimental value is of the order of 10%. Additionally, the choice to use
an effective momentum approximation for the nucleons is an ad hoc prescription, which

274

A. Aste et al. / Nuclear Physics A 743 (2004) 259–282

differs from the naive plane wave approximation for nucleons where the influence of an
opticalpotential is neglected. In both cases, one has to accept that focusing effects of the
nucleon wave functions in the nuclear region are missing and furthermore that unitarity is
violated to a certain degree.
Kim et al. [6] presented calculations where plane waves and Dirac wave functions were
used for the electrons, but the nucleon wave functions were calculated in both cases from
a relativistic σ − ω model. For the kinematical situation presented in Fig. 6 in the next
section, their theoretical cross-sections are slightly below the experimental values, whereas
our model leads to cross-sections slightly above the experimental values. The advantage of
our model is that we obtain a curve which shows a very similar behavior as the experimental
curve, although this should not be considered as a virtue of our method. We expect that our
model provides reliable results only for the ratio of cross-section (were one uses plane
waves or ‘exact’ wave functions for the electrons), which can be used for the analysis of
experimental data. We checked this assumption by varying the optical potential, the binding
energies and by rescaling the wave functions within reasonable limits. The relatively large
impact of such variations on the cross-section is divided out for the most part in the ratio
of the cross-sections.
Kim et al. [36] presented also a simplified model where free plane wave functions for the
ejected nucleons and harmonic wave functions for the bound nucleons were used. Adopting
the same strategy in our case, we obtain nearly identical results as those presented in [36]
when we scale our wave functions according to the experimental value of the nuclear Fermi
momentum.
The numerical evaluation of (40) was performed by putting the nucleus on a three dimensional grid with a side length of 36 fm and using the Simpson method as a very simple
but efficient integration tool. The number of necessary grid points is mainly dictated by
 
the wave length of the oscillatory term ei(ki −kf −pf ) and was in the range of 603 to 1203 in
−2
order to ensure an accuracy of 10 percent for the values of the integrals.
It is instructive to have a (classical) look a the approximate size of the different effects which lead altogether to the CC. As a specific case we choose the initial energy of
the electron i = 485 MeV, scattering angle θe = 60◦ and energy transfer ω = 100 MeV.
Additionally, we take the Coulomb potential energy V (0) of an electron in the center of
a 208Pb nucleus as −25 MeV. The focusing then enters in the cross-section as a factor
(510/485)2(410/385)2 ∼ 1.25, i.e., it leads to an increase of the cross-section of about
25%. From the photon propagator term ∼ q −4 on the contrary we obtain a reduction
by a factor of 0.80. If we use the potential at the surface of the nucleus −17 MeV,
the reduction factor is 0.85. This discrepancy illustrates the importance of having an
accurate description of the electron wave function. Furthermore, the form factor of the
proton enters the cross-section as a factor of the order of ∼ (1 + Q2 /(843 MeV)2 )−4 ,
reducing the cross-section by 6–9% (for V (0) = −17 MeV to −25 MeV). Finally, the
nontrivial change of the interaction which involves the detailed structure of the current via the nucleon wave functions gives an effect of several percent. All these effects described above combine to a CC which is almost zero for the present example.

A. Aste et al. / Nuclear Physics A 743 (2004) 259–282

275

3. Results
3.1. Comparison of the results to other approaches
Fig. 4 shows the ratio of the inclusive cross-section for nucleon knockout with and
without CC for electrons with initial energy of i = 485 MeV and scattering angle Θe =
60◦ on 208 Pb. Neutron knockout contributes by about 20% to the total nucleon knockout
cross-section in the considered kinematical region. The results obtained by Kim et al. [6]
and the eikonal approximation are in good agreement, also for different kinematics as, e.g.,
shown in Fig. 5. The result for the local effective momentum approximation (LEMA) of

Fig. 4. Comparison of the Coulomb corrections for different approaches. The dotted curve shows the ratio
σPWBA /σEMA according to the model used in this paper.

Fig. 5. σPWBA /σCC for i = 310 MeV and Θe = 143◦ . Dotted curve: σPWBA /σEMA as in Fig. 4.
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Kim et al., which is based on parameters that were fitted to the exact calculation, is also
fairly close.
The conditions presented in Fig. 5 correspond to a similar momentum transfer, but large
scattering angle Θe = 143◦ and incident energy 310 MeV. The initial electron energy is
smaller, and the effect of CC is more pronounced. CC lead to a sizeable modification in the
longitudinal and transverse responses that can be extracted from the data via Rosenbluth
plots. The linearity of the Rosenbluth plots served also as an independent check for the
validity of our plane wave calculations.
The calculations clearly indicate that the effective momentum approximation, which
leads to admissible results for light nuclei where the CC are relatively small, is useless for
highly charged nuclei. The curve in Fig. 5 was calculated by choosing a k = 25 MeV/c
according to Eq. (2). Taking smaller values for k corresponding to the electrostatic potential at the surface of the nucleus does not change the situation significantly.
It is important to take into account the final state interaction of the proton by an energydependent optical potential. For protons with energies above 100 MeV, the potential is
becoming increasingly repulsive. Calculations for ω > 180 MeV in our single particle shell
model are not applicable, since pion production is not included in our calculations, and correlation effects are becoming increasingly important for large ω. Results for ω < 80 MeV
may also become dubious due to the large distortion of the outgoing proton wave function
by the final state interaction, but the simple approximation given in this work allows for a
good estimation of CC in a relatively wide range of energies.
It is a well-known phenomenon that plane wave calculations have a tendency to overestimate cross-sections in the region of low electron energy loss, whereas cross-sections
are underestimated in the high energy loss region. The reason for this is the fact that the
use of plane waves for the ejected nucleons is clearly a rough approximation, and the generally used single particle model does not contain contributions arising from correlations

Fig. 6. Comparison of theoretical cross-sections obtained in PWBA and eikonal approximation to experimental
Saclay data (i = 310 MeV and Θe = 143◦ ).
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and meson-exchange currents. Inelastic scattering from the nucleons, i.e., excitation of the
delta resonance, is also absent.
Nevertheless, the agreement between experimental data taken at Saclay [37] and our
eikonal corrected calculations is quite satisfactory, as displayed in Fig. 6 in order to give a
typical example. Like in the case Θe = 60◦ , one observes that the CC become very large
for high energy transfer ω  180 MeV. This result should be handled with care, since the
calculated cross-sections become small in this energy region. The electroproduction of the
delta resonance will have to be included to more reliably estimate the CC at very large
energy loss.
Overall, we find that the eikonal approach gives results that are very close to the results
from exact calculations. This approach can thus be used in practical applications where one
greatly benefits from the much lower calculational effort involved in the eikonal description. At the same time, our calculation shows again that the often-used effective momentum
approximation is inadequate for a quantitative treatment of Coulomb corrections.
3.2. Study of the Coulomb distortion by comparing quasielastic electron and positron
scattering
The comparison of experimentally determined quasielastic cross-sections induced with
electrons and with positrons represent an ideal test for any theoretical approach to quantitatively describe Coulomb distortions. Here we consider a recent experiment by Guèye
et al. [38] which was used to give an experimental proof of the validity of the EMA for
inclusive quasielastic electron scattering. The experiment by Guèye et al. compared quasielastic scattering of electrons on 208Pb with quasielastic scattering of positrons at the same
kinematics.
With the assumption that the EMA is a valid approach the authors interpolate the experimental e− -data linearly to the effective energy of the e+ -data, Ee+ = Ee− − 2Vc with the
Coulomb potential Vc and the relative normalization as fit parameters. They find for Vc a
value close to the surface and a normalization factor which is compatible with the experimental uncertainties. For the interpolation the large body of inclusive quasielastic data on
208 Pb measured by Zghiche et al. [37] is used. The authors conclude that a modified EMA
with a Vc (r) = 18.7 MeV close to the surface is a valid approach to correct cross-section
data.
However, this conclusion is highly questionable when the quality of the data by Zghiche
et al. is studied. The peculiar behavior of the data is shown in Fig. 7, where the scaling function F (y) (essentially the cross-section but with the q-dependence of the nucleon
form factor and the kinematical broadening of the quasielastic peak removed) is shown
(see [3] for detailed definitions). Although the electron energies progress in regular steps
between the various data sets, the scaling functions F (y) display a curious behavior. The
peak values for F (y) for two consecutive energies coincide and jump for the following to
a significantly lower value. In Fig. 10 in [37], the staircase-like behavior of the data is not
visible, since cross-sections are plotted, which depend strongly on the initial electron energy ie . Additionally, the cross-sections for eie = 420 MeV and eie = 600 MeV are missing
there. But the staircase-like behavior has a detrimental effect upon the interpolation of the
electron data as shown by Guèye et al. Also, the e+ and e− data of Guèye et al. have been
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Fig. 7. Scaling function F (y) obtained from cross-sections measured by Zghiche et al. on 208 Pb at an electron
scattering angle of 60 degrees and initial electron energy E. F (y) is obtained from the cross-sections by dividing
out the Mott cross-section and the q-dependence of the nucleon form factors (both smooth functions of incident
energy).

Fig. 8. Theoretical cross-sections for inclusive quasielastic electron scattering off 208 Pb for initial electron energy
ie = 420 MeV and scattering angle Θe = 60◦ .

e+ beam emittance corrected and normalized to the e− data shown in Fig. 7, hereby further
affected by the staircase behavior. We therefore cannot consider the experiment as a proof
of the validity of the EMA.
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Fig. 9. Theoretical cross-sections for inclusive quasielastic positron scattering off 208 Pb for initial positron energy
p
i = 420 MeV and scattering angle Θp = 60◦ .

Fig. 10. Experimental positron cross-sections derived from the total response function given by Guèye et al.,
compared to the theoretical values shown in Fig. 9 obtained from the single particle model.

We performed eikonal and effective momentum calculations for quasielastic electron (e)
and positron (p) scattering on 208Pb for a kinematics also used in the experiment of Guèye
p
et al., i.e., for initial energy ie = i = 420 MeV and scattering angle Θe = Θp = 60◦ (see
Fig. 8). The calculations for the positrons were performed in a strictly analogous way as in
the case of electrons. Using an effective surface value of 17 MeV for the repulsive (attractive) Coulomb potential in the case of the positron (electron) EMA calculation, it turns out
that the eikonal approximation and the EMA are clearly incompatible. The observed discrepancy can be explained by the assumption that the EMA underestimates the defocusing
of the positron waves and the focusing of the electron wave in the nuclear volume.
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For the sake of completeness, we also show in Fig. 10 experimental cross-sections for
positrons derived from the total response function given in [38], which are in satisfactory
agreement with the theoretical values shown in Fig. 9. As explained before, the difference
between experimental data and the theoretical cross-sections results from the simple nuclear model employed (lack of high momenta in the corresponding spectral functions and
the absence of delta excitations and meson exchange current contributions).

4. Conclusions
In the present paper we have investigated the role of the Coulomb distortion in quasielastic electron nucleus scattering. A reliable treatment of this distortion is needed in
particular for a determination of the longitudinal response function and for an extrapolation of nuclear responses to infinite nuclear matter.
We have developed an approximate description—the eikonal approximation—that is
more transparent and numerically easier to deal with than the exact treatments (solution of
the full Dirac equation) previously employed [6–8]. At the same time, the eikonal approximation is much more realistic than the effective momentum approximation often employed
in the absence of results from exact calculations.
We find that the eikonal results for the Coulomb distortion are very close to the results
of exact calculations. We also find that the effective description of the Coulomb distortion
gives a rather poor description for high values of the nuclear charge Z.
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Appendix A
The potential energy of the electron according to Eq. (23) can be decomposed into three
parts V (r) = V1 (r) + V2 (r) + V3 (r), where
V1 (r) = −

αZ
,
2
(r + R 2 )1/2

V3 (r) = −

24αZR 2 R  r 4
.
25π(r 2 + R 2 )4

V2 (r) = −

αZR 2
,
2(r 2 + R 2 )3/2
(A.1)

The regularized eikonal phase χ1 generated by V1 is given above by Eq. (26). Since V2,3
decrease faster than r −1 for large r, their corresponding contributions to the total eikonal
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phase for a particle incident parallel to the z-axis with impact parameter b
z
χ2,3 (r ) = χ2,3 (b, z) = −

dz V2,3 (r  ),

r 2 = b2 + z2

(A.2)

−∞

need not be regularized. The integrals in (A.2) are given by
αZ R 2 (z + (r 2 + R 2 )1/2 )
,
2 (b2 + R 2 )(r 2 + R 2 )1/2

 

z
7z
25π
15 b4
3b 2
3
arctan
− 2
χ
=
+
+
3
7

2

5
3
2 b
b
αZR R
b
2b
(r + R  2 )2

χ2 =

4b 4z
5b4 z
15b 4z
+ 4 2
+ 6 2
2
3
2
2
+R )
b (r + R )
2b (r + R 2 )
2b2 z
3b 2z
8b2z
+
+
− 2
(r + R 2 )3 b2 (r 2 + R 2 )2 b4 (r 2 + R 2 )
3π 5b4 + 2b2b2 + b4
3z
4b2 z
+
+
,
(A.3)
+ 2
(r + R 2 )3 2b2(r 2 + R 2 )
4
b7
√
where r 2 = b 2 + z2 and b = b2 + R 2 . The coordinate independent
definitions of the
√
parameters z, b, and b are z = (ki r )/ki and b 2 = r 2 − z2 , b = b2 + R 2 , where ki is
the momentum of the incident electron. The eikonal phase of the wave function of the
outgoing electron with momentum kf , which must be added to the eikonal phase of the
incoming electron in the matrix element of the calculated process, can be obtained directly
from the expressions above by replacing z = −(kf r )/kf and using again the definitions
√
b2 = r 2 − z2 , b = b2 + R 2 .
+

b2 (r 2
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